Abstract. We describe a non-commutative generalization of the complex Fourier-Mellin transform to Clifford algebra valued signal functions over the domain R p,q taking values in Cl(p, q), p + q = 2.
INTRODUCTION
The Fourier-Mellin transform is an excellent tool in order to achieve translation, rotation and scale invariant shape recognition. It has recently been extended to the algebra of quaternions H in the form of the quaternionic FourierMellin Transform [2] , which in principle also allows a non-marginal processing of color images. Beyond this new progress has been made in the study and complete classification of square roots of −1 in real Clifford algebras Cl(p, q) [3, 4, 5, 6] . In this paper 1 we make therefore a first attempt to generalize the Fourier-Mellin transform to Clifford algebras Cl(p, q), p+q = 2, using a set of two real square roots of −1, f , g ∈ Cl(p, q), f 2 = g 2 = −1. This includes the case of quaternions, because of the isomorphism H ≡ Cl(0, 2), but in addition the algebras Cl(2, 0) and Cl(1, 1) are also included. First, for the quaternion Fourier transform a split of quaternions with respect to any two pure unit quaternions has been developed [7, 8] . It has also been applied to the quaternionic Fourier-Mellin Transform, and it has been generalized to Clifford algebras [9] . We will also apply this split.
CLIFFORD'S GEOMETRIC ALGEBRA
Definition 2.1 (Clifford's geometric algebra [10, 11] ) Let {e 1 , e 2 , . . . , e p , e p+1 , . . ., e n }, with n = p + q, e 2 k = ε k , ε k = +1 for k = 1, . . . , p, ε k = −1 for k = p + 1, . . . , n, be an orthonormal base of the inner product vector space R p,q with a geometric product according to the multiplication rules e k e l + e l e k = 2ε k δ k,l ,
1 Please respect the Creative Peace License regarding the content of this paper [1] .
where δ k,l is the Kronecker symbol with δ k,l = 1 for k = l, and δ k,l = 0 for k = l. This non-commutative product and the additional axiom of associativity generate the In general A k denotes the grade k part of A ∈ Cl(p, q). The parts of grade 0 and k + s, respectively, of the geometric product of a k-vector A k ∈ Cl(p, q) with an s-vector B s ∈ Cl(p, q)
are called scalar product and outer product, respectively. For Euclidean vector spaces (n = p) we use R n = R n,0 and Cl(n) = Cl(n, 0). Every k-vector B that can be written as the outer product
The principal reverse of M ∈ Cl(p, q) defined as
often replaces complex conjugation and quaternion conjugation. Taking the reverse is equivalent to reversing the order of products of basis vectors in the basis blades e A . The operation M means to change in the basis decomposition of M the sign of every vector of negative square
Reversion, M, and principal reversion are all involutions. The principal reverse of every basis element e A ∈ Cl(p, q), 1 ≤ A ≤ 2 n , has the property
where the Kronecker delta δ AB = 1 if A = B, and δ AB = 0 if A = B. For the vector space R p,q this leads to a reciprocal basis e l , 1 ≤ l, k ≤ n e l := e l = ε l e l ,
Multivector signal functions
A multivector valued function f :
We define the inner product of two functions f , g :
with the symmetric scalar part
and the L 2 (R p,q ;Cl(p, q))-norm
The vector derivative ∇ of a function f : R p,q → Cl(p, q) can be expanded in a basis of R p,q as [14] 
2.2. Square roots of −1 in Clifford algebras 2.2.1. The ± split with respect to two square roots of −1
With respect to any square root f ∈ Cl(p, q) of −1,
For f , g ∈ Cl(p, q) an arbitrary pair of square roots of −1, f 2 = g 2 = −1, the map f ( )g is an involution, because f 2 xg 2 = (−1) 2 x = x, ∀ x ∈ Cl(p, q). In [7] a split of quaternions by means of the pure unit quaternion basis elements i, j ∈ H was introduced, and generalized to a general pair of pure unit quaternions in [8] . We here use a generalized version of the split for Cl(p, q) [9] . Definition 2.3 (± split with respect to two √ −1) Let f , g ∈ Cl(p, q) be an arbitrary pair of square roots of −1, f 2 = g 2 = −1, including the cases f = ±g. The general ± split is then defined with respect to the two square roots f , g of −1 as
Note that the split of Lemma 2.2 is a special case of Definition 2.3 with g = − f .
We observe from (15), that f xg = x + − x − , i.e. under the map f ( )g the x + part is invariant, but the x − part changes sign f x ± g = ±x ± .
The two parts x ± can be represented with Lemma 2.2 as linear combinations of x + f and x − f , or of x +g and x −g For Cl(0, 2) ∼ = M (2d, C), or for both f , g being blades in Cl(2, 0) or Cl(1, 1), we have f = − f , g = −g. We therefore obtain the following lemma.
Lemma 2.4 (Orthogonality of two ± split parts [9])
Given any two multivectors x, y ∈ Cl(p, q) and applying the ± split (15) with respect to two square roots of −1 we get zero for the scalar part of the mixed products
Finally, we have the general identity [9] e α f x ± e β g = x ± e (β ∓α)g = e (α∓β ) f x ± . (19)
THE CLIFFORD FOURIER MELLIN TRANSFORMATIONS (CFMT)

Robert Hjalmar Mellin (1854-1933)
Robert Hjalmar Mellin (1854-1933) [12] , Fig. 2 , was a Finnish mathematician, a student of G. Mittag-Leffler and K. Weierstrass. He became the director of the Polytechnic Institute in Helsinki, and in 1908 first professor of mathematics at Technical University of Finland. He was a fervent fennoman with fiery temperament, and cofounder of the Finnish Academy of Sciences. He became known for the Mellin transform with major applications to the evaluation of integrals, see [13] , which lists 1624 references. During his last 10 years he tried to refute Einstein's theory of relativity as logically untenable. 
where h : R 2 → R denotes a function representing, e.g., a gray level image defined over a compact set of R 2 .
Well known applications are to shape recognition (independent of rotation and scale), image registration, and similarity.
Inner product, symmetric part, norm of Clifford-valued functions
For Cl(0, 2) ∼ = M (2d, C), or for both f , g being blades in Cl(2, 0) or Cl(1, 1), we have f = − f , g = −g. We therefore obtain the following Pythagorean modulus identity for the L 2 (R 2 ;Cl(p, q))-norm, p + q = 2, i.e.,
We now define the generalization of the FMT to Clifford-valued signals.
where h : R 2 → Cl(p, q) denotes a function from R 2 into the real Clifford Cl(p, q), p + q = 2, such that |h| is summable over R * + × S 1 under the measure dθ dr r . R * + is the multiplicative group of positive and non-zero real numbers.
For special pure unit quaternion (isomorphic to Cl(0, 2)) values f = i, g = j we have the special case
Note, that the ± split and the CFMT commute: 
The proof uses
We now investigate the basic properties of the CFMT. First, left linearity: For α, β ∈ {q | q = q r + q f f , q r , q f ∈ R},
Second, right linearity: For α , β ∈ {q | q = q r + q g g, q r , q g ∈ R},
The linearity of the CFMT leads to
which gives rise to the following thoerem about the quasi-complex FMT like forms for CFMT of h ± .
Theorem 3.4 (Quasi-complex forms for CFMT)
The CFMT of h ± parts of h ∈ L 2 (R 2 , H) have simple quasi-complex forms
Theorem 3.4 allows to use discrete and fast software to compute the CFMT based on a pair of complex FMT transformations. For Cl(0, 2) ∼ = M (2d, C), or for both f , g being blades in Cl(2, 0) or Cl(1, 1), we have f = − f , g = −g, and under these conditions we have for the two split parts of the CFMT, the following lemma. 
Moreover, we have the following magnitude identity:
i.e. the magnitude of the CFMT of a scaled and rotated quaternion signal m(r, θ ) = h(ar, θ + φ ) is identical to the magnitude of the CFMT of h. Equation (32) forms the basis for applications to rotation and scale invariant shape recognition and image registration. This may now be extended to color images, since quaternions can encode colors RGB in their i, j, k components, and to signals with values in Cl(2, 0) and Cl(1, 1). The reflection at the unit circle (r → 
